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Preface

This monograph is based on four lectures that were given at the Department
of Mathematics and Mechanics, within IIMAS, at the National Autonomous
University of Mexico, in Mexico City, during the week beginning 25 January
2004. Lectures two and three have been combined into a single chapter,
Chapter 2. Chapter 3 is somewhat diﬀerent from the lecture given: it is a
description of a simpler problem, one that allows the reader to understand
some of the details of the calculations. Chapter 1 serves as an introduction to Chapter 2. An Appendix has been added to provide a summary
of the equations and other results used in the monograph. References are
given that reﬂect the writer’s reading; the list is not comprehensive so that
important work has undoubtedly been over-looked.
The purpose in giving these lectures, and in subsequently preparing them
for publication, is to make the reader aware of the applied mathematical
problems (and opportunities) resulting from the development of transducers
that can transmit and receive elastodynamic tone-bursts, whose center frequencies lie in the microwave band. The wavelengths of the elastic waves in
this band are tens of micrometers, making the dimensions of most sources,
scatterers or waveguides large (with respect to the wavelength). Provided
the frequencies do not approach the upper limits of this band, the elastic
material can often be approximated as isotropic. The small wavelengths
and the assumption of isotropy enable asymptotic methods to be applied to
many technically important elastodynamic problems.
One of the more interesting of these problems is constructing a mathematical description of the acoustic imaging of a solid surface. Chapters 1
and 2 describe the writer’s asymptotic model of such imaging. It will be
shown that an acoustic image of surface features is formed from information
carried not only by a specularly reﬂected wave, but also by one guided by
the surface. Therefore, understanding the interaction of these latter waves
with surface structures becomes important to modeling mathematically image formation. Chapter 3 describes surface waves propagating in a laterally
inhomogeneous elastic layer. This is a beginning to calculating asymptotic
iii

expressions that describe the scattering of surface waves.
The writer enjoyed his visit to IIMAS and learned much. He thanks his
host Dr. F. Sabina, and the various faculty and students who participated
in the lectures, for giving him the opportunity to gather his ideas on these
subjects. Lastly, he thanks Douglas Rebinsky for allowing him to use parts
of his dissertation, Gareth Block for his helpful comments on a draft of
Chapter 1, and his wife Beatriz for help proofreading the manuscript.

John G. Harris.

Notes
1. The word phase is used in a very speciﬁc way: the term α is called the
phase when it can be written as α = kβ and appears in an exponential
term such as exp(ikβ). When a complex variable z = |z| exp(iγ) is
considered, γ is called the argument.
2. Throughout Chapter 2 the scanned, acoustic imaging device is called
a reﬂection acoustic microscope, or, more simply, an acoustic microscope. This is the common name; however, it is not the most descriptive one. The acoustic imaging device described here is used in many
settings. When used for nondestructive evaluation, the operating frequency is on the order of 10 to 100 MHz. Useful images are made,
but their resolution is not so great as to merit calling the device a
microscope. It only really behaves as a microscope at frequencies on
the order of 500 MHz or higher.
3. In Chapter 2 the focal length f is deﬁned as the distance from the plane
of the aperture, of the acoustic lens, to the focal point. It can also be
deﬁned as the distance from the center of the face of the acoustic lens
to the focal point.
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Chapter 1
The scattering of a spherical wave from a
ﬂuid-solid interface

Abstract
The mathematical description of the waves scattered at a ﬂuid-solid interface, when a spherical acoustic wave strikes it, forms the basis for understanding much about elastic waves in general, and scanned acoustic imaging
in particular. By examining this interaction, not only are a number of useful mathematical techniques introduced, but also the underlying physical
structure of the scattering phenomena is made manifest. The principal features described in this chapter are: (1) the integral representations of the
incident and scattered waveﬁelds, (2) the inter-relation between the analytic
structure of the reﬂection coeﬃcient and the scattered waves, particularly
the leaky Rayleigh wave, and (3) the importance of the method of steepest descents in the interpretation of the form of the scattered waves. An
angular-spectrum representation of the various waveﬁelds is used.

1.1

Description of the problem

The plane x3 = 0 separates an ideal ﬂuid, in x3 < 0, from a homogenous, isotropic, elastic solid, in x3 > 0, as indicated in Figure 1.1. A unit
normal vector n̂ = −ê3 points from the solid into the ﬂuid. A spherical
acoustic wave is emitted from a very localized source at (0, 0, −b). When it
strikes the ﬂuid-solid interface, part of the spherical wave is reﬂected, part
is transmitted as compressional and shear waves, and part becomes a wave
propagating along the interface. The problem, then, is to calculate these
scattered waves; the solution is described in this chapter. This solution is
1

(0,0,-b)
ideal fluid

ˆ
n

x1
elastic solid

x3

Figure 1.1: The arrangement of the coordinate system. x3 > 0 is occupied
by an elastic solid; x3 < 0 is occupied by an ideal ﬂuid. The source is placed
at (0, 0, −b), where b > 0.
most certainly not new. A detailed one is given in Brekhovskikh and Godin
(1999, pp. 1–40), and a more recent reworking of it is given by Pott and
Harris (1984). Nevertheless, after examining this problem in this chapter, it
will be shown in Chapter 2 that its solution can be progressively reworked
so as to describe the imaging mechanism of a scanned acoustic microscope.
Here and elsewhere, the waveﬁelds are assumed to be time-harmonic, with
an implicit time-dependence exp(−iωt).
The equation of motion describing small amplitude disturbances in the
ideal ﬂuid is given as
δ(r)
∇2 ϕ + k 2 ϕ = −C
,
(1.1)
4πr2
where r = |x + b ê3 | and the wavenumber k = ω/c, with ω being the angular
frequency and c the ﬂuid’s wavespeed. The particle displacement in the
ﬂuid is u = ∇ϕ, and the acoustic pressure p = ρf ω 2 ϕ, where ρf is the
density of the ﬂuid. C is a constant parameter giving the strength of the
source at (0, 0, −b). Equation (1.1) is identical to (A.6), when the wave is
time-harmonic and the source is a center of dilatation.
The equation of motion describing similar, small amplitude disturbances
in the solid is given as
κ2 ∂i (∂k uk ) − eijk ∂j (eklm ∂l um ) + kT2 ui = 0.

(1.2)

The compressional and shear wavenumbers are kL = ω/cL and kT = ω/cT ,
where cL and cT are the respective wavespeeds. The parameter κ = cL /cT .
Equation (1.2) is an alternative way of writing (A.3); it exhibits the fact
2

that two wave types, compressional and shear, propagate in an elastic solid
(eijk is the permutation symbol).
The continuity conditions to be satisﬁed at the interface are, restating
(A.7),
ts · n̂ = −pf , n̂ ∧ ts = 0, us · n̂ = uf · n̂,
(1.3)
where the traction ts = n̂ · τ . The stress tensor τ is related to the particle
displacement by (A.2). The subscripts s and f indicate properties of the
solid and ﬂuid, respectively. Equations (1.1)–(1.3), in combination with the
requirement that the scattered waves propagate outward from the interface,
constitute the mathematical statement of the problem to be addressed.

1.2

Representations for the spherical wave

Ignoring for the moment the presence of the elastic solid, the solution to
(1.1) is
eikr
kC
ϕ=A
, A=
.
kr
4π
The constant A has the dimensions of length squared and can be made
dimensionless by setting it equal to B/k 2 , where B is yet another constant.
Following Harris (2001, pp. 24–28), the spherical wave can be written ﬁrst
as
 ∞  ∞
dk1 dk2
iA
ϕ=
ei(k1 x1 +k2 x2 +k3 |x3 +b|)
,
(1.4)
2πk −∞ −∞
k3
where
k3 = (k 2 − k12 − k22 )1/2 ,

(k3 ) ≥ 0, (k3 ) ≥ 0.

(1.5)

This choice of the branch of k3 is made so that the spherical wave is outgoing
or decays as |x3 + b| → ∞. And secondly, it can be written as
iA
ϕ =
2π
i

 2π  π/2−i∞
0

eik p̂

i ·x

eikb cos ξ sin ξ dν dξ,

(1.6)

0

where
p̂ i = sin ξ (cos ν ê1 + sin ν ê2 ) + cos ξ ê3 .

(1.7)

The superscript i has been added in (1.6), to indicate that this will be the
incident spherical wave. Equation (1.6) assumes that (x3 + b) > 0. It was
derived using the transformation
k1 = k sin ξ cos ν,

k2 = k sin ξ sin ν,
3

k3 = k cos ξ,

where the accessible parts of the ξ-plane are determined by the requirement
that the spherical wave be outgoing or decay as |x3 + b| → ∞; that is, the
accessible parts of the ξ-plane are taken to agree with (1.5).
Equation (1.6) is referred to as an angular spectrum of plane waves (Clemmow 1966). It is an integration of the plane waves
exp(ik p̂ i · x)
over not only all real directions of propagation, but also over a range of
complex directions. If the contour for ξ is taken to be from 0 to π/2, and
then to (π/2 − i∞), for ξ ∈ (π/2, π/2 − i∞), ξ = π/2 + iξ2 , with ξ2 ≤ 0. In
this case the direction given by (1.7) becomes complex:
p̂ i = cosh ξ2 (cos ν ê1 + sin ν ê2 ) − i sinh ξ2 ê3 .
The imaginary part of p̂ i produces a decay in the ê3 direction. The integration over complex angles is essential if the complete curvature of the
spherical wave is to be captured by (1.6).
It will be useful to have two additional representations for the spherical
wave. Using cylindrical coordinates (ρ, θ, x3 ), where x1 = ρ cos θ and x2 =
ρ sin θ, ϕi can be written as
iA
ϕ =
2π
i

 π/2−i∞

ik cos ξ (x3 +b)

e

 2π

sin ξ

0


ikρ sin ξ cos(ν−θ)

e

dν dξ.

0

Using the results from Appendix A, §A.5, this integral can be written ﬁrst
as

π/2−i∞

ϕi = iA
0

eik cos ξ (x3 +b) J0 (kρ sin ξ) sin ξ dξ,

(1.8)

and secondly as
ϕi =

iA
2

 π/2−i∞
−π/2+i∞

(1)

eik cos ξ (x3 +b) H0 (kρ sin ξ) sin ξ dξ.

(1.9)

(1)

The contour for (1.9) passes above the branch cut for the H0 ; that cut
proceeds from 0 to (−π/2 − i∞). Both representations are integrals over
cylindrical waves. Equation (1.9) is very useful when calculating an asymptotic expansion to ϕi .

1.3

Scattered waveﬁelds

Consider brieﬂy the expressions for the plane waves reﬂected and transmitted at a ﬂuid-solid interface when a plane wave, incident from the ﬂuid,
4
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Figure 1.2: The geometry of the incident and scattered rays. The incident
and scattered propagation vectors are shown, as is the polarization vector
dˆT . Moreover, the angles ξ, ξL , and ξT are indicated.
strikes it. Harris (2001, pp. 37-55) indicates one way to calculate these
waves. Reﬂection and transmission, and their respective coeﬃcients are calculated using the particle displacement u, rather than the potential ϕ; this
makes the wave phenomena in the solid somewhat easier to understand.
Each plane wave is characterized by a unit propagation vector p̂ and a unit
ˆ so that the incident plane wave is written as
polarization vector d,
i
ui = dˆi eik p̂ ·x ,

dˆi = p̂ i ,

where p̂ i is given by (1.7). The reﬂected and transmitted waves must all
phase-match to the incident wave; thus,
k sin ξ = kL sin ξL = kT sin ξT ,
where the angles ξL and ξT are indicated in Figure 1.2. These waves are
given by
r
ur = R(ξ) dˆr eik p̂ ·x , dˆr = p̂ r , p̂ r = sin ξ ê − cos ξ ê3 ,
L
uL = TL (ξ) dˆL eik p̂ ·x , dˆL = p̂ L , p̂ L = sin ξL ê + cos ξL ê3 ,
T
uT = TT (ξ) dˆT eik p̂ ·x , p̂ T ∧ dˆT = êT , p̂ T = sin ξT ê + cos ξT ê3 .

(1.10)
Two new unit vectors
ê = cos ν ê1 + sin ν ê2 ,
5

êT = ê3 ∧ ê .

have been introduced. The superscripts r, L, and T indicate the reﬂected,
transmitted longitudinal, and transmitted transverse waves, respectively.
The reﬂection and transmission coeﬃcients, R(ξ) and TL,T (ξ), respectively,
are given as
R(ξ) =

A− (ξ)
,
A+ (ξ)

TL (ξ) =

TT (ξ) = −

2κ κf (ρf /ρs ) cos ξ cos(2ξT )
,
A+ (ξ)

2κf (ρf /ρs ) cos ξ sin(2ξL )
,
A+ (ξ)

(1.11)

where
A± = cos ξ[sin(2ξL ) sin(2ξT ) + κ2 cos(2ξT )] ± κ κf (ρf /ρs ) cos ξL .

(1.12)

The parameter κf = c/cT . Recall that κ = cL /cT .
Returning to the problem under discussion and using (1.6), the incident
wave becomes
ui = −

kA
2π

 2π  π/2−i∞
0

i
dˆi (ξ, ν) eik p̂ ·x eikb cos ξ sin ξ dν dξ.

0

Noting that the problem is linear and that the scattered plane waves are
given by (1.10), the waves scattered from the interface are directly calculated
to give the equations
kA
u =−
2π
r

 2π  π/2−i∞
0

r
dˆr (ξ, ν)R(ξ) eik p̂ ·x eikb cos ξ sin ξ dν dξ,

(1.13)

0

and
L,T

u

kA
=−
2π

 2π  π/2−i∞
0

0

L,T
dˆL,T (ξ, ν)TL,T (ξ) eikL,T p̂ ·x eikb cos ξ sin ξ dν dξ.

Equation (1.10) lists the propagation and polarization vectors. It should be
clear to the reader that all further outcomes depend on the analytic structure
of the phases in the integrands and of A± (ξ).

1.4

Waveﬁeld in the ﬂuid

For the remainder of this chapter only the waveﬁeld in the ﬂuid, (1.13),
will be considered, because it is the waveﬁeld used to form an image by a
6

scanning acoustic microscope. Using the transformation that yielded the
representation (1.9), ur is written as
ur =

iA
∇
2

 π/2−i∞
−π/2+i∞

(1)

R(ξ) eik(b−x3 ) cos ξ H0 (kρ sin ξ) sin ξ dξ.

(1.14)

Recall that cylindrical coordinates (ρ, θ, x3 ), where x1 = ρ cos θ and x2 =
ρ sin θ, are introduced to arrive at this representation. Noting the Sommer(1)
feld representation of H0 , given in §A.5, it is seen that (1.14) is a double
integral whose phase is
Φ(ξ, µ) = (b − x3 ) cos ξ + ρ sin ξ cos µ.
Note: The second, mixed derivative ∂ξ ∂µ Φ = 0 when evaluated at the stationary point (ξ ∗ , µ∗ ), where (b − x3 ) sin ξ ∗ = ρ cos ξ ∗ and µ∗ = 0. As a
consequence, (1.14) can be treated as an iterated integral, to leading order,
when asymptotically approximating it.
(1)
Using the asymptotic approximation for H0 given in §A.5, and introducing the spherical coordinates (r, φ, θ), where (b − x3 ) = r cos φ and
ρ = r sin φ, (1.14) can be approximated as
kA
u ∼−
2
r



2
πkρ

1/2

−iπ/4

e


C(φ)

dˆr (ξ)R(ξ) eikr cos(ξ−φ) (sin ξ)1/2 dξ,
kρ → ∞. (1.15)

The phase of the integrand of (1.15) has a stationary point at ξ = φ. The
contour C(φ) is the steepest descents contour; Figure 1.3 (b) is a sketch of a
part of this contour as it passes through φ. The method of steepest descents
is described in Felsen and Marcuvitz (1994, pp. 370–391) and Harris (2001,
pp. 91–94). Lastly, note that the dependence on ν in dˆr has been dropped
because it is clear, at this point, that the waveﬁeld is axisymmetric.
The subsequent asymptotic approximation of this integral depends on
the proximity of φ to the poles and branch points of R(ξ). A+ (ξ), which is
given by (1.12), has four zeros, ±ξR and ±ξS , and four branch points, ±ξbL
and ±ξbT . The branch points are deﬁned by the equations
sin ξbL = c/cL ,

sin ξbT = c/cT .

Figure 1.3 (a) shows the right-half of the complex ξ-plane with these poles
and branch points indicated. The poles of R(ξ) correspond to leaky Rayleigh
waves (±ξR ), and Stoneley waves (±ξS ); and the branch points to various
7

j - plane

j bL j
bT

j - plane

j

R

jR

p/ 2
f

jS

C(f)
(a)

(b)

Figure 1.3: The structure of the complex ξ-plane for (ξ) ≥ 0. (a) The
contour for (1.14), the branch cuts beginning at the branch points ξbL and
ξbT , the leaky Rayleigh pole ξR , and the Stoneley pole ξS are indicated.
(b) The steepest descents contour C(φ) of (1.15) is sketched. The spatial
relation between the steepest descents contour and the leaky Rayleigh pole
ξR is shown.

8

lateral waves. The wiggly lines in Figure 1.3 indicate the branch cuts corresponding to these branch points. These cuts, which deﬁne the Riemann
sheet on which the problem is solved, are determined by demanding that
(cos ξI ) ≥ 0, I = L, T , everywhere on the Riemann sheet of interest. Because R(ξ) is a reﬂection coeﬃcient for an incident plane wave, the branch
cuts are chosen to ensure that when critical refraction takes place in the
solid, the refracted waves decay with depth.
In this chapter only the eﬀect of the leaky Rayleigh-wave pole is considered, and only a nonuniform asymptotic expansion is given. A nonuniform
expansion, in the present context, is one that does not accurately account
for what happens when the stationary point lies in the neighborhood of a
pole, a branch point, or both a pole and a branch point. In these cases R(ξ)
varies rapidly making the usual steepest descents approximation inaccurate.
Some of the consequences of seeking a uniform expansion, as φ coalesces
with each of these critical points separately, are explored in Pott and Harris
(1984), and Harris and Pott (1985). A case not explored in these papers
is that in which the stationary point φ, the pole ξR , and branch pointξbT
coalesce. A method to do so is described in Ciarkowski (1989).
A nonuniform asymptotic approximation to (1.15) is given as
ur ∼ ug dˆr (φ) + χ(ξR , φ) uR dˆr (ξR ),
where

kr → ∞,

(1.16)



χ(ξR , φ) =

1 if C(φ) encloses ξR ,
0 otherwise.

The polarization vector dˆr (φ) is given by (1.10) with ξ replaced by φ; similarly, the polarization vector dˆr (ξR ) is given by (1.10) with ξ replaced by
ξR . The specularly reﬂected spherical wave ug is given as
eikr
.
(1.17)
kr
Note that the condition that kρ → ∞, used in (1.15), does not inﬂuence the
ﬁnal outcome describing ug ; that is, (1.17) remains accurate even as ρ → 0.
ug = ikA R(φ)

Describing uR requires somewhat more detail. The leaky Rayleigh pole
is
ξR = βR + iαR ,
In all cases of interest here αR /βR

βR , αR > 0.

(1.18)

1. Somekh et al. (1985) show that

A− (ξR )
≈ 2iαR .
dA+ /dξ(ξR )
9

(1.19)

reflected spherical wave
(0,0,-b)

bR
leaky Rayleigh wave

x||
f
(0,0,b)

x3
Figure 1.4: A drawing indicating the nature of the leaky Rayleigh wave
excited by a ray incident at the angle βR . Also shown is the ray describing
the reﬂected wave being emitted from the image point (0, 0, b)
This approximation will be used very frequently. Moreover, except in the
phase terms, the approximation ξR ≈ βR is used. Again noting the various
unit vectors introduced in (1.10), the unit vectors p̂ R and dˆR , given by the
expressions
p̂ R = sin βR ê − cos βR ê3 , p̂ R ∧ dˆR = êT ,
are introduced. Note that dˆr (ξR ) ≈ p̂ R . Incorporating these approximations
and the newly deﬁned unit vectors, uR can be expressed as


uR = kA

2π
krR

1/2

2αR e−iπ/4 eikp̂

× eikb cos βR

R ·x

cosh αR

cosh αR kdˆR ·x sinh αR kb sin βR sinh αR

e

e

,

(1.20)

where rR = ρ/ sin βR .
Equation (1.20) describes an inhomogeneous wave propagating away
from the interface in the direction p̂ R , and decaying in the direction −dˆR .
The possibility of unlimited growth in the direction dˆR is removed from ur ,
(1.16), by the indicator function χ(ξR , φ). Viewing it in the coordinates indicated in Figure 1.1, (1.20) describes a Rayleigh surface wave that steadily
radiates, or leaks, into the ﬂuid so that, as it propagates along the interface, it also decays. Further, it only appears outside a right circular cone
whose vertex is at (0, 0, b), and which opens upward cutting the surface, at
x3 = 0, in a circle of radius b cot βR . Figure 1.4 is a drawing that attempts
to indicate these relationships.
10

1.5

Summary

1. Equations (1.16), (1.17), and (1.20) are the principal results of this
chapter. They describe the most important waves scattered from the
ﬂuid-solid interface, namely, the specularly reﬂected spherical wave
and the leaky Rayleigh wave.
2. By using the angular spectrum representation of the incident wave,
(1.6), representations of the reﬂected waveﬁeld, (1.13), and the transmitted waveﬁelds were readily calculated; and expressed in a form
that indicated the underlying role of the scattering of a plane wave.
Moreover, these representations indicated that many of the physical
outcomes of the problem could be inferred directly from the analytic
behavior of the reﬂection and transmission coeﬃcients.
3. Representations of the spherical wave as an integral over cylindrical
waves, (1.8) and (1.9), were also given. Equation (1.8) exhibits the
spherical wave as an inverse Hankel transform; equation (1.9) proved
quite useful in calculating the asymptotic approximation begun with
(1.14).
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Chapter 2
Scanned acoustic imaging

Abstract
An angular spectrum representation of a converging spherical wave is derived, and then combined with a similar representation for a diverging spherical wave to construct a model of a focused acoustic beam. This beam is directed at a ﬂuid-solid interface and the scattered waveﬁeld calculated, much
as was done in Chapter 1. Representations of the incident and scattered
waveﬁelds are also expressed as Hankel transforms.
A model of the scanned acoustic microscope is next constructed. Using
an electromechanical reciprocity relation, the following imaging equation is
derived:

βa

δV (s, zs ) = 2iD

G2 (ξ) R(ξ, s)ei2kzs cos ξ dξ.

0

This expression maps the mechanical reﬂection coeﬃcient R(ξ, s) to the
measured change in voltage δV (s, zs ). This change depends on the lateral
position of the microscope s, and the relative distance zs between the geometrical focal plane and the interface, that is being imaged. The function
G(ξ) and angle βa describe how the ﬁnite aperture of the lens limits the
acquisition of information. Varying s produces an image, while varying zs
allows the device to be used as an interferometer.

2.1

Scanned, reﬂection acoustic microscope

Figure 2.1 shows the acoustic microscope that will be modeled in this chapter. A piezoelectric transducer is placed at one end of a buﬀer rod and an
acoustic lens is ground into the opposite end, as shown in Figure 2.1(a).
The transducer, when excited by a tone-burst converts the incident electromagnetic wave into an elastic compressional wave that propagates down
13
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Figure 2.1: (a) A drawing of the transducer, buﬀer rod and lens of the acoustic microscope. Note that the origin of the coordinate system is placed at
the geometrical focal point. (b) A drawing of the principal geometrical features of the region between the plane of the lens’ aperture and the geometric
focal plane. Note that in this arrangement zs < 0.
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the buﬀer rod to the lens. It is transmitted through a lens into a coupling
ﬂuid. If the overall region being scanned is small the ﬂuid is little more
than a drop at the end of the buﬀer rod, as suggested in the ﬁgure, while,
if the region being scanned is large, then the whole device is immersed in
the ﬂuid. The lens focuses the sound at or near the ﬂuid-solid interface.
An echo is excited and subsequently collected by the lens. It propagates
back through the buﬀer rod to the transducer where it is converted into
an electromagnetic wave. The buﬀer rod introduces a time delay between
the initial excitation and the echo, allowing the two to be separated. The
buﬀer rod, with its transducer and lens, is mechanically scanned, in a raster
pattern, across the interface. The echo at each point, after being converted
to an electrical signal, is displayed as a dot on a screen, having a color or
level of grey determined by its strength. The total of all the dots acquired
during the scan is the image.
As will become apparent, the microscope can also be used as an interferometer. As was shown in Chapter 1, a leaky Rayleigh surface wave is
also excited at the interface. It is collected along with the reﬂected wave
and both waves are added together by the transducer. If the geometrical
focal point is placed below the interface, in the solid, at a distance zs , as
shown in Figure 2.1(b), then the signal received from the transducer exhibits
interference, between the reﬂected wave and the leaky Rayleigh wave, as zs
is varied.
The work of this chapter is based on two papers by Rebinsky and Harris
(1992b, Rebinsky and Harris (1992a), and a Ph. D. dissertation by Rebinsky (1991). Many of the ﬁgures shown in this chapter are taken from this
dissertation. These references also discuss the role of the leaky Rayleigh
wave in enhancing images of surface-breaking cracks, something not written about here. A somewhat broader overview of mathematically modelling
acoustic imaging in solids is provided by the review article Harris (1997).
The monograph by Briggs (1992) gives a comprehensive overview of acoustic
microscopy, at higher frequencies, along with many interesting photographs.
Note that the derivation given in Briggs (1992, pp. 109–123) of the imaging
equation diﬀers from that described here. The approach of Rebinsky and
the writer was initially motivated by Liang, Kino, and Khuri-Yakub (1985).

2.2

Fresnel and F -number

If one examines how an optical plane wave diﬀracts at a circular aperture and
then how it is made to focus by a lens embedded in that same aperture — a
particularly good reference describing this is Born and Wolf (1999, pp. 484–
15
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Figure 2.2: The arrangement of the coordinate system. The form taken by
the converging and diverging spherical wave on each side of the focal plane
at x3 = 0 is indicated. Note that there is a phase jump of π across this
plane.
503) — one will discover the following facts: At the Fresnel distance, a
plane wave transmitted through an aperture and the waves diﬀracted by
its edges begin to merge; it is here that a beam is formed (Harris 1989).
If b is the aperture radius, and k the wavenumber, the Fresnel distance is
kb2 /(2π). Placing a lens in the aperture converts the transmitted plane
wave into a spherical wave converging to a point, a distance f away; f is the
focal length. The waves diﬀracted by the edges continue to be present. The
resulting waveﬁeld depends critically on whether or not focusing is made to
occur before or after the edge-diﬀracted waves merge with the converging
spherical one. The Fresnel number N = kb2 /(2πf ) is a measure of this,
and is an important number characterizing an imaging system. A second
one is the F -number, where F = f /b. Note that kb/(2π) = N F . The
scanned acoustic microscope considered in this chapter is such that N
1
and F ≈ 1. This makes the scaled radius of the aperture, kb, large.

2.3

Converging spherical wave

A mathematical description of a focused acoustic beam is constructed in
this and the next section. To begin, the idealized case of a spherical wave
converging to a point and then diverging to inﬁnity is ﬁrst described. Figure
2.2 indicates the geometry: The x3 -axis is the centerline. A spherical wave
in x3 < 0 converges to the origin and then, in x3 > 0, diverges to inﬁnity.
In crossing the plane x3 = 0 it is made to undergo a phase jump of π. It is
16

known that focused beams experience such a phase jump, though, the phase
variation occurs more gradually within a ﬁnite focal region (Born and Wolf
1999, pp. 494–499).
Equations (1.6) and (1.7), with b = 0, describe an outgoing or diverging
spherical wave in x3 > 0. Equation (1.6) is repeated here:
ϕ=

iA
2π

 2π  π/2−i∞
0

eik p̂

i ·x

sin ξ dν dξ.

(2.1)

0

At x3 = 0+ , ϕ reduces to
ϕ=A

eikρ
,
kρ

where x1 = ρ cos θ and x2 = ρ sin θ. Equation (2.1) describes a diverging
spherical wave in x3 > 0; the accessible regions of the ξ-plane, as x3 → ∞
are those for which (cos ξ) ≥ 0 and (cos ξ) ≥ 0. Recall that k3 = k cos ξ,
so that these conditions are equivalent to those in (1.5).
To construct the incoming or converging spherical wave, in x3 < 0, ϕ is
written as
1
ϕ=
(2π)3

 ∞  ∞
−∞

−∞

∗

ϕ(k1 , k2 )ei(k1 x1 +k2 x2 +k3 x3 )

dk1 dk2
,
k3

(2.2)

where
k3 = (k 2 − k12 − k22 )1/2 ,

(k3 ) ≥ 0, (k3 ) ≤ 0;

(2.3)

Note that the deﬁnition of k3 has changed from that given by (1.5). The
changed deﬁnition ensures that, as x3 → −∞, the exponential term decays
or acts as an incoming plane wave. The transform ∗ ϕ is determined by
asking that at x3 = 0− , ϕ be given by the expression (see Figure 2.2)
ϕ = Ae−iπ

e−ikρ
.
kρ

It is found that

i2πA
.
kk3
Again introducing the transformation
∗

k1 = k sin ξ cos ν,

ϕ=

k2 = k sin ξ sin ν,

k3 = k cos ξ,

the angular spectrum representation of the converging spherical wave is given
as


i A 2π π/2+i∞ ik p̂ i ·x
e
sin ξ dν dξ,
(2.4)
ϕ=
2π 0
0
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where p̂ i is given by (1.7), but is repeated here:
p̂ i = sin ξ (cos ν ê1 + sin ν ê2 ) + cos ξ ê3 .
The accessible parts of the ξ-plane, as x3 → −∞, are determined by the deﬁnition of k3 , given by (2.3), which implies that (cos ξ) ≥ 0 and (cos ξ) ≤ 0.
In fact the only apparent diﬀerence between the diverging spherical wave,
(2.1), and the converging one, (2.4), arises from the deﬁnition of k3 and the
contour of integration for ξ.

2.4

Focused acoustic beam

A focused wave constructed from a converging and diverging spherical wave
is not physically realizable. First, a spherically converging wave could not
be excited because it would demand that all the plane waves in its spectrum,
including those propagating at complex angles, be available at some initial
aperture. Secondly, the waveﬁeld in the focal plane should be continuous
and not have a jump in phase of π. Such a change is permissible in the
sense that between the source of the converging wave and the far-ﬁeld of the
diverging wave a net phase change of π may occur, but the change should not
cause a discontinuity at the focal plane. Using intuition, and the knowledge
gained from constructing the representations of the converging and diverging
spherical waves, the following is proposed as a model of a focused acoustic
beam:


i A 2π π/2
i
ϕi =
G(ξ)eik p̂ ·x sin ξ dν dξ.
(2.5)
2π 0
0
By eliminating the complex legs of the contours, the sudden jump at x3 = 0
has been eliminated, and by introducing a function G(ξ) the focal region
at the origin has been modulated to capture more accurately the fact that
radiation cannot be focused to a point. The function G(ξ) is deﬁned so that
it is symmetric in its argument ξ and is nonzero for ξ ∈ (−π/2, π/2). Lastly,
a superscript i has been added because, in subsequent sections, (2.5) will
become the incident focused beam emitted from the lens’ aperture.
Two additional representations of (2.5) are useful. Using the results from
Appendix A §A.5, the ﬁrst is
i

 π/2

ϕ = iA
0

and the second is
iA
ϕ =
2
i

 π/2
−π/2

G(ξ) eikx3 cos ξ J0 (kρ sin ξ) sin ξ dξ,

(2.6)

(1),(2)

(2.7)

G(ξ) eikx3 cos ξ H0
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(kρ sin ξ) sin ξ dξ.
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Figure 2.3: The distribution of the waveﬁeld over an imagined aperture at
|x3 | = f . A is selected arbitrarily to give the vertical scale shown. The
parameters n and a/b measure how fully the converging spherical wave ﬁlls
the aperture
(1)

The Hankel function H0 is selected when x3 > 0. Its branch cut proceeds
from 0 to (−π/2 − i∞); the integration contour passes above it. The Hankel
(2)
function H0 is selected when x3 < 0. Its branch cut proceeds from 0 to
(−π/2 + i∞); the integration contour passes below it.
The function G(ξ) is speciﬁed by asking that, far from the focal plane,
in the half-space x3 < 0, ϕ match a prescribed waveﬁeld. This waveﬁeld is
thought of as that which ﬁlls an aperture, of radius b, placed at a distance
|x3 | = f from the focal plane. It is speciﬁed as
ϕi = −H(b − ρ) A e(ρ/a)

2n

e−ikr
,
kr

(2.8)

where H(x) is the Heaviside step function, and r = (ρ2 + x32 )1/2 . Note
that the aperture is ﬁlled with a converging spherical wave. Recall that
x1 = ρ cos θ and x2 = ρ sin θ. The coordinate φ has been introduced such
that φ ∈ [0, π/2); and ρ = r sin φ, and |x3 | = r cos φ. The parameters a and
n, where n is a positive integer, allow one to describe how fully the incident
waveﬁeld ﬁlls the aperture. Figure 2.3 shows three proﬁles for various values
of a/b and n. The larger a/b the more the waveﬁeld ﬁlls the aperture, and
the larger n the more the function resembles a top-hat.
Equation (2.7) is asymptotically approximated as kr → ∞ using a pro19

cedure identical to that used in §1.4 to approximate the waveﬁeld scattered
into the ﬂuid. This approximation gives
ϕi ∼ ∓A G(φ)

e∓ikr
,
kr

kr → ∞, x3 ≶ 0.

(2.9)

Matching (2.9) with (2.8) gives




f tan φ
G(φ) = H(βa − φ) exp −
a

2n 

,

φ ∈ [0, π/2).

(2.10)

The angle βa is deﬁned as cot βa = F . Equations (2.5) and (2.10) together
deﬁne the model of a focused beam to be used here.
Note that the choice of the waveﬁeld in the aperture is such that edgediﬀracted waves are almost eliminated. This choice was based on the observation that the microscope’s acoustic lens did not have sharp edges; instead
the edges were smoothed out. Accordingly, it was reasoned that only weak
edge-diﬀraction occurred.

2.5
2.5.1

Scattered focused beam
Representations

The reﬂection of the focused beam is needed next. It is calculated in much
the same way as was done in Chapter 1, §1.4 and §1.5. Noting that the
incident focused beam (2.5) is an integral over plane waves, an integral
representation of the reﬂected focused beam can be written down as
iA
ϕ =
2π
r

 2π  π/2
0

Gξ)R(ξ)eik p̂

r ·x

ei2kzs cos ξ sin ξ dν dξ.

(2.11)

0

The propagation vector p̂ r is given by (1.10), but is repeated here:
p̂ r = sin ξ(cos ν ê1 + sin ν ê2 ) − cos ξ ê3 .
The plane-wave reﬂection coeﬃcient R(ξ) is given by (1.11) and (1.12). It
is important to recall the branch cuts for R(ξ) in the ξ-plane; these are discussed in the paragraph following (1.15) and partially indicated by Figure
1.3. These cuts determine the Riemann sheet on which the contour of integration of (2.11) is taken; the integration contour passes below the branch
cuts whose branch points are ξbL and ξbT .
To interpret (2.11) it is helpful to refer to Figure 2.1(b). First recall that
the origin of the coordinate system for the focused beam is the geometrical
20

focal point, which in Figure 2.1(b) is a distance |zs | from the interface. If
the incident beam strikes the interface before it focuses, then its reﬂection
focuses in a reﬂected focal plane at x3 = 2zs , the mirror image of the focal
plane. Combining the phase terms, a distance |x3 − 2zs | emerges indicating
that, for 2zs < x3 < zs , (2.11) represents a beam converging to (0, 0, 2zs ),
while, for x3 < 2zs , it represents a beam diverging from (0, 0, 2zs ).
Again two additional representations of (2.11) are useful. Using the
results from §A.5, the ﬁrst is
ϕr = iA

 βa
0

G(ξ)R(ξ) e−ik(x3 −2zs ) cos ξ J0 (kρ sin ξ) sin ξ dξ.

(2.12)

The second is similar to (2.7). However, this representation will be used to
asymptotically approximate the reﬂected waveﬁeld; thus, it is important to
scale the variables to identify what parameter is large. The scaled variables
ρ̄ = ρ/b, x̄3 = x3 /f , and z̄s = zs /f are introduced. This gives the second
representation as
ϕr =

iA
2

 βa
−βa

G(ξ)R(ξ) e−ikbF (x̄3 −2z̄s ) cos ξ H0

(1),(2)

(1)

(kbρ̄ sin ξ) sin ξ dξ. (2.13)

The Hankel function H0 is selected when x3 < 2zs . In this case the contour
(1)
passes above the branch cut for H0 , whose cut proceeds from 0 to (−π/2 −
i∞). It also passes above the branch cuts of R(ξ), whose branch points are
−ξbL and −ξbT , and below those whose branch points are ξbL and ξbT . This
(2)
is a beam diverging from the reﬂected focal plane. The Hankel function H0
is selected when 2zs < x3 < zs . The contour passes below the branch cut
for the Hankel function, which proceeds from 0 to (−π/2 + i∞). However,
it passes above the branch cuts of R(ξ), whose branch points are −ξbL and
−ξbT , and below those whose branch points are ξbL and ξbT . This is a beam
converging toward the reﬂected focal plane.
Recalling the discussion of §2.2, F ≈ 1 and kb
1. Therefore, the integral (2.13) can be asymptotically approximated in the same way as was ur in
§1.4, though in this case kb has been explicitly identiﬁed as the large parameter. However, proceeding in this way will lead to an unexpected diﬃculty
for the case of the reﬂected converging beam. It will become apparent that,
when the reﬂected focal plane lies above it, leaky Rayleigh waves are excited
at the interface that focus at ρ = 0. Therefore, the asymptotic approximation in this latter case must be modiﬁed somewhat from that described in
§1.4.
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2.5.2

Diverging scattered beam, x3 < 2zs
(1)

Where x3 < 2zs , the asymptotic approximation for H0 , taken from §A.5,
is introduced into (2.13). As well, the spherical coordinates (r, φ, θ) are
introduced by setting ρ = r sin φ and |x3 − 2zs | = r cos φ (θ never appears
because the waveﬁelds are axisymmetric about the x3 -axis). Note that φ ∈
[0, π/2). Equation (2.13) is thus approximated as
ϕr ∼

iA
2



2
πkbρ̄

1/2

eiπ/4

 βa
−βa

G(ξ)R(ξ) e±ikbF r̄ cos(ξ−φ) sin1/2 ξ dξ,
kb → ∞, (2.14)

where r̄ = r/f .
Equation (2.14) is very similar to (1.15). The steepest descents contour
for this case is identical to that shown in Figure 1.3(b). The contributions
from the end points at ±βa are not signiﬁcant, primarily because G(βa ) is
small. Carrying out the approximation gives
ϕr ∼ ϕg + χd (ξR , φ) ϕR ,
where

kb → ∞,

(2.15)



χd (ξR , φ) =

1 if C(φ) encloses ξR ,
0 otherwise.

This is a nonuniform approximation in the sense indicated in §1.4.
The specularly reﬂected beam ϕg is given as
ϕg = AG(φ)R(φ)

eikr
.
kr

(2.16)

Using equations (1.18) and (1.19), and making approximations identical to
those used to calculate (1.20), the leaky Rayleigh wave ϕR is given as


ϕ = −AG(βR )
R

2π
krR

1/2

2αR eiπ/4 eikr cos(ξR −φ)

(2.17)

where rR = ρ/ sin βR . The leaky Rayleigh-wave pole is deﬁned by (1.18).
The approximation (1.19) and the approximation ξR ≈ βR have been used
in the amplitude. The phase term can be expanded into real and imaginary
parts to exhibit the fact that (2.17) is a leaky Rayleigh wave.
Equations (2.15)–(2.17) describe a scattered waveﬁeld that consists of a
diverging spherical wave emerging from r = 0, and a leaky Rayleigh wave
22

2

2 r
兩k w 兩

leaky Rayleigh waves

1

0

0

r/b

1

Figure 2.4: A plot of the magnitude of |k 2 ϕr | against ρ/b. Note the presence
of the leaky Rayleigh wave, starting at ρ/b ≈ 0.3, in the waveﬁeld ﬁlling the
aperture. Compare this ﬁgure with the solid curve in ﬁgure 2.3.

that is radiating from the interface. Both these waves are collected by the
aperture and transmitted to the transducer. Figure 2.4 shows |k 2 ϕr | as
a function of the scaled radius ρ/b, at x3 = −f , the plane of the lens’
aperture. The spikes in the graph arise from the fact that the asymptotic
approximation is not uniform. The oscillations to the right of the large
spike indicates the presence of the leaky Rayleigh wave in the aperture. It
is important to note that the transducer responds to this entire signal; it
does not sense or separate the individual parts.
The various parameter values used in Figure 2.4 are the following:
ρs = 2200 kg/m3 , cL = 5960 m/s, cT = 3760 m/s,
ρf = 998 kg/m3 , c = 1480 m/s,
F = 0.75, N = 178, n = 1, a/b = 0.5.

(2.18)

The ﬁrst line lists the parameter describing the solid, and the second those
describing the coupling ﬂuid; the solid is fused quartz and the ﬂuid water.
The third line list the parameters describing the lens and aperture. The
frequency of operation is taken as 225 MHz. The leaky Rayleigh pole ξR is
found numerically. The value of zs is chosen such that kzs /2π = −10. The
constant A is given the same value as that used in Figure 2.3.
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Figure 2.5: A sketch of the steepest descents contour for the case where
(2)
2zs > x3 > zs . The branch cut for H0 is not shown. The somewhat
complicated path is necessary because the integration contour can be closed
at inﬁnity only in the indicated quadrants.
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2.5.3

Converging reﬂected beam, 2zs < x3 < zs

To approximate asymptotically the converging beam, where 2zs < x3 <
zs , (2.7) is again used. The spherical coordinates (r, φ, θ) are introduced
with φ ∈ [0, π/2). The contour in ξ is distorted to the contour [cos(ξ −
(2)
φ)] = 1 with no approximation of H0 being made. This will become the
contour of steepest descents. Figure 2.4 shows the complete distortion of
(2)
the original contour into this contour. The branch cut for the H0 is not
shown. The dashed lines indicate that the contour must be distorted onto a
lower Riemann sheet in order for the contour to pass through the stationary
point ξ = φ. This means that branch cuts are surrounded; however, these
contributions are ignored. The pole terms are now extracted giving
ϕR = −i 2πA G(βR ) αR sin βR e−ikr cos φ cos ξR


(1)

(2)



× H0 (kρ sin ξR ) − χc (ξR , φ)H0 (kρ sin ξR )
where

(2.19)



χc (ξR , φ) =

1 if C(φ) encloses ξR ,
0 otherwise,

and ρ = r cos φ. The leaky Rayleigh-wave pole is given by (1.18). The
approximation (1.19) and the approximation ξR ≈ βR have been used in
the amplitude. Note that the indicator χc (ξR , φ) sets the second term to
zero when φ is greater than βR , whereas χd (ξR , φ) sets the corresponding
term in (2.15) to zero when φ is less than βR . When φ is less then βR
both Hankel functions are present indicating that the leaky Rayleigh waves
are focusing on the interface and along the axis ρ = 0. Moreover, the ﬁrst
Hankel function is always present because the pole −ξR is always captured.
When φ is greater then βR this term represents an outgoing, cylindrical,
leaky Rayleigh wave. Writing the pole terms as Hankel functions gives an
expression that is accurate when ρ → 0.
Once the pole terms have been extracted, the remaining integral can be
(2)
approximated by introducing the asymptotic approximation to H0 , and
noting that the contour of integration is that of steepest descents. The
geometrical term is approximated as
e−ikr
.
(2.20)
kr
This expression is accurate when 2zs < x3 < zs , provided zs = 0, or equivalently r = 0. Note the phase shift of π in passing from (2.20) to (2.16).
ϕg ∼ −AG(φ)R(φ)
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Figure 2.6: A sketch of the rays describing the focusing scattered beam. The
solid lines indicate the outermost geometrical rays, and the dashed ones the
leaky Rayleigh waves.
The asymptotic approximation to ϕr is therefore given as
ϕr ∼ ϕg + ϕR ,

kb → ∞,

(2.21)

where ϕR is given by (2.19), with no restriction on ρ, and ϕg by (2.20),
with the restriction that r = 0. Accordingly, the overall expression is only
accurate provided the reﬂected focal plane and the interface are separated.
Moreover, (2.21) is a nonuniform approximation in the sense indicated in
§1.4. While (2.21) is limited in its usefulness, it does provide a good physical picture of what is happening. Figure 2.6 is a sketch that attempts to
illustrate this equation. The solid lines indicate the outer most rays of the
focused cone of rays: They reﬂect from the interface and are focused in the
reﬂected focal plane. The dashed lines indicate the leaky Rayleigh waves:
Within a right circular cone, which opens downward and ends at the interface, intersecting it to form a circle with radius |zs | tan βR , they focus on
the axis ρ = 0, whereas, outside the cone, they form an outgoing cylindrical
wave steadily leaking into the coupling ﬂuid.

2.6

Measurement model

The previous section describes the reﬂected focused beam and leaky surface
wave, but does not indicate how that scattered waveﬁeld is transformed into
a change in voltage. Looking back at Figure 2.1(a), it is readily appreciated
that the basic function of the lens, buﬀer rod and piezoelectric transducer
is to map the total echo collected by the aperture of the lens to a change
26
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Figure 2.7: The volume R in which the reciprocity relation is applied. The
surface ∂R includes the electrical plane ∂Re and the mechanical plane ∂Rm .
in voltage δV . To construct a mathematical model of this mapping the
electromechanical reciprocity identity described in §A.4 and given by (A.8)
is used. An early use of this identity to construct such models is given
by Auld (1979). The outcomes from using it are often called measurement
models. When no sources are present this identity becomes




∂i −iω(u1j τij2 − u2j τij1 ) + eijk (Ej1 Hk2 − Ej2 Hk1 ) = 0.

(2.22)

To use (2.22) several assumption must be made: The electromechanical
reciprocity identity holds throughout R, whatever the internal structure of
the real device. The waveﬁelds on the surface ∂R are assumed to be such
that all electromagnetic waves enter or leave R through the electrical plane
∂Re , and all mechanical waves enter or leave through the mechanical plane
∂Rm ; elsewhere on ∂R the waveﬁelds vanish. The two planes are considered
subsets of the overall surface ∂R and are identiﬁed in Figure 2.7.
The transducer is connected to the electrical source and receiver through
a co-axial cable. Only a transverse, electromagnetic, plane wave propagates
in a coaxial cable (Collin 1991, pp. 247–251); all higher modes are cut-oﬀ.
By placing ∂Re far enough from the junction of the co-axial cable with the
transducer, it can be assumed that any higher modes that might be excited
at the junction have become negligible; therefore, at ∂Re only a transverse
plane wave is present.
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Lastly, it is assumed that the multiple scattering that occurs between the
lens’ aperture and the interface is negligible. This is a reasonable though
imperfect assumption because tone-bursts, not time-harmonic signals, are
used, and thus any multiply scattered signals can be separated, in time,
from the ﬁrst echo. The δV calculated in this chapter, which uses the
time-harmonic assumption, is a Fourier transform of the change in voltage
detected in time. At the mechanical plane ∂Rm , therefore, it is assumed
that the scattered disturbance has been scattered from the interface only
once.
Equation (2.22) is integrated over the volume R, shown in Figure 2.7,
and transformed into a surface integral over ∂R. This gives


−



(u1j τij2 − u2j τij1 )ni dS.

(2.23)

Ei1 = (1 + Re )Ei+ , Hi1 = (1 − Re )Hi+ , u1j = uij , τij1 = −pi δij .

(2.24)

∂Re

eijk (Ej1 Hk2

Ej2 Hk1 )ni dS

= iω
∂Rm

Waveﬁeld 1 is taken as

The ﬁrst two terms are assumed to be evaluated at ∂Re , and the last two at
∂Rm . This is the waveﬁeld that is present when there is no interface. The
ﬁrst two terms describe the transverse electromagnetic wave in the co-axial
cable; there is both an incident and reﬂected term, the reﬂection arising from
the junction between the cable and transducer. In practise the designer tries
to make Re as small as possible. The second two terms describe the focused
sound beam that is radiated from the lens’ aperture. Waveﬁeld 2 is taken
as
Ei2 = (1 + Re + δRe )Ei+ , Hi2 = (1 − Re − δRe )Hi+ ,
u2j = uij + urj , τij2 = −(pi + pr )δij .

(2.25)

As with (2.24), the ﬁrst two terms are assumed to be evaluated at ∂Re , and
the last two at ∂Rm . This is the waveﬁeld that is present when sound is
scattered back to the lens’ aperture from the interface. The ﬁrst two terms
again describe the transverse electromagnetic wave in the co-axial cable;
there is now an increment to the reﬂection, δR, arising from the sound
collected at the aperture. The second two terms describe a focused sound
beam that is incident to and scattered from the interface. Substituting
equations (2.24) and (2.25) into (2.23) gives
δRe =

iω
4P


∂Rm

(urj pi − uij pr )nj dS,
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(2.26)

where
P =−

1
2


∂Re

eijk Ej+ Hk+ ni dS.

The normalization P is the incident power injected into the junction of the
cable with the transducer, so that it is known.
Despite the assumptions leading to it, (2.26) is quite remarkable for at
least two reasons. First it maps the mechanical waveﬁeld at ∂Rm to what is
measured at the electrical plane ∂Re . Note that it clearly indicates how the
transducer responds only to the complete signal, returning a single scalar
quantity δRe . Secondly, the incident focused beam has a limited angular
spectrum because the aperture is ﬁnite; thus its combination with scattered
waveﬁelds explicitly limits the angular spectrum of the scattered waveﬁeld
that can be collected.

2.7

Acoustic material signature

Because the incident and reﬂected waveﬁelds in the coupling ﬂuid have been
expressed in terms of potentials, it is convenient to express (2.26) in terms
of them as well. From §A.2,
i,r
ui,r
i = ∂i ϕ .

pi,r = ρf ω 2 ϕi,r ,

It is also convenient to renormalize (2.26) so that its maximum absolute value
is approximately one. The plane ∂Rm is taken to be the interface x3 = zs .
The outcome is an expression for a term labeled δV which is proportional to
δRe . δV is named the change in voltage, though it is dimensionless, because
it is proportional to the change in measured voltage caused by the presence
of the interface and any features on it. The δV is given as


δV = E
∂Rm

where
E

−1

(∂n ϕi ϕs − ϕi ∂n ϕs ) dS,



=2
∂Rm

(2.27)

(∂n ϕi ϕi ∗ ) dS.

Equations (2.6) and (2.12) indicate that the incident and reﬂected waveﬁelds are inverse Hankel transforms. Examining (2.27) it becomes clear that
it is an integral of the product of Hankel transforms over a semi-inﬁnite domain. This permits the Parseval’s relation, given in §4.5 by (A.10), to be
used to collapse what might seem to be a complicated triple integral into a
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single one. This is a key step in the derivation, but not one that could be
foreseen when the work was ﬁrst begun. Carrying out this step gives
 βa

δV (s, zs ) = 2iD

G2 (ξ) R(ξ, s)ei2kzs cos ξ dξ,

(2.28)

0

where D = k 5 E or
D−1 = 2i

 βa

G2 (ξ) sin ξdξ.

0

This is the central result of this chapter. A dependence on the position
on the interface is indicated by s, and a dependence on the position of the
geometric focal plane by zs . If zs ≈ 0 then (2.28) describes how the reﬂection
acoustic microscope makes an image when it is scanned across the interface.
In this case no leaky Rayleigh wave is excited. Assuming that R(ξ, s), as a
function of s, changes slowly with respect to wavelength — this is equivalent
to assuming that no vertical discontinuities are present — then (2.28) maps
the reﬂection at s to a change in voltage at the same position. The set
of all these reﬂections, when converted to electrical signals, is the image.
Note that δV is a weighted average over the lens aperture of the reﬂection
coeﬃcient; the weight function is the square of the aperture function G(ξ).
In other words, perfect information about the interface is not recovered.
When s is ﬁxed and zs varied the acoustic microscope acts as an interferometer. A nonuniform asymptotic approximation of (2.28), for |zs | = 0,
gives
δV (s, zs ) ∼ ±DG2 (0) R(0, s)

ei2kzs
k|zs |

− H(−zs ) DG2 (βR ) 8πi αR sin βR e−2ik|zs | cos ξR ,
zs ≷ 0, kb → ∞.

(2.29)

H(x) is the Heaviside step function. Note that no leaky Rayleigh wave is
collected by the lens’ aperture for zs > 0. The approximations (1.19) and
ξR ≈ βR have been used in the amplitude, in the second term.
For zs negative (2.29) indicates that δV records an interference pattern
as zs is varied. Figure 2.8 shows a plot of this interference pattern for fused
quartz. The values are identical to those used for Figure 2.4 and are cited in
(2.18). The solid line indicates the asymptotic result (2.29), and the dashed
line a numerical evaluation of (2.28). The interference pattern is evident.
The distance between the peaks ∆ is given by the equation
∆ = 2(1 − cos βR )−1
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Figure 2.8: The acoustic material signature of fused quartz. The solid line indicates the result of plotting the asymptotic approximation, and the dashed
line indicates a numerical evaluation of (2.28). ∆ is the distance between
the peaks.

From this the variation in the Rayleigh wavespeed can be determined. The
graph shown in Figure 2.8 is named the acoustic material signature.
Much more can be done with (2.28). If the geometrical focal plane is
placed just slightly below the interface, the leaky Rayleigh wave participates
in the image formation causing vertical surface features, such as the opening
of a surface-breaking crack, to be detected acoustically, even when they are
diﬃcult to detect with an optical microscope. The monograph by Briggs
(1992) gives many examples of this feature. Rebinsky and Harris (1992b)
show that the leaky surface wave can be used to set up an interference
pattern between the incident surface wave and one reﬂected from a vertical
discontinuity. Lastly, (2.28) is a more general imaging expression than its
derivation might suggest. Many scanning, acoustic detection schemes used in
industrial nondestructive evaluation work more or less in the same manner as
does a reﬂection acoustic microscope so that (2.28) or a minor modiﬁcation
of it describes a wide variety of such schemes.
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2.8

Summary

1. Equations (2.5) and (2.10) describe a model of a focused beam. It
does not exactly describe focusing through an aperture, as a study of
focusing calculations that begin at the plane of the aperture indicate
(Born and Wolf 1999, pp. 484–499), but its form allows one to readily
calculate the scattering of a focused beam, and, just as importantly,
invoke a Parseval’s relation to calculate δV .
2. Equation (2.11) and the analysis of §2.5 describe the reﬂected focused
beam. Of particular interest is the fact that the leaky Rayleigh waves
form a second focal point at the interface. Though not discussed in this
chapter, this feature is important in detecting small surface features
such as the opening of a surface-breaking crack (Rebinsky and Harris
1992b; Rebinsky and Harris 1992a).
3. The discussion of §1.6 leading to (2.26) indicates how one may relate
the measured electrical signal from a piezoelectric transducer to the
scattered mechanical waveﬁelds, and as such this plays an important
role in many elastodynamic measurement models.
4. Equation (2.28) is the principal result of this chapter. It is the equation that describes how a reﬂection acoustic microscope makes an image and acts as an interferometer. In one guise or another it describes
acoustic imaging in many other situations that arise in the nondestructive evaluation of manufactured parts.
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Chapter 3
Coupled, local elastodynamic modes

Abstract
The coupling of the two lowest Rayleigh-Lamb modes, guided within a homogeneous layer, but perturbed by the presence of a slowly varying change
in thickness, is described using the coupled, local mode approximation. By
projecting the elastic-wave equations onto a basis of local eigenmodes, an
inﬁnite system of coupled-mode equations describing the evolution of the
amplitudes of each mode is obtained. Within the equations, the coupling
is manifested by coupling coeﬃcients that depend critically on the diﬀerence between the wavenumbers of adjacent modes. At high frequencies the
wavenumbers of the two lowest Rayleigh-Lamb modes approach one another,
and both approach the wavenumber describing a Rayleigh wave. Hence, the
surface perturbation causes the two lowest modes to couple, forming a modulated Rayleigh surface-wave, if propagating from a thinner to a thicker section; or a Rayleigh surface-wave to split apart forming two separate modes,
if propagating in the opposite sense. In contrast, both modes couple only
weakly to the higher-order modes, because their wavenumbers do not approach those of the higher modes for any frequencies.

3.1

Introduction

The interaction of guided surface-waves with surface irregularities plays an
important role in enhancing the acoustic images of such features, as indicated
in Chapter 2. While the problem described here does not apply directly to
imaging, it is a beginning of an eﬀort toward obtaining analytic expressions
describing scattering by surface irregularities. Such expressions would then
be incorporated into the measurement model (2.26), or into the imaging
equation (2.28), to give a more comprehensive theory of the image formation
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x2= -h0+hu(d x1)
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x
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A

Figure 3.1: The geometry of the elastic layer with variable thickness. The
variable surface is described by hu (δx1 ). The two lowest Rayleigh-Lamb
modes are assumed to be excited in the uniform region at the left, and are
propagating to the right. The coordinates and lengths shown are dimensionless: the scaling is described in §3.1.2. Note that the coordinate x2 is
now measured down the page, in contrast to the convention of the previous
chapters.
of these features. This is the principal motivation for studying this problem.

3.1.1

Description of the problem

Figure 3.1 sketches a homogeneous, isotropic, elastic layer with a variable
thickness described by the curve x2 = −h0 + hu (δx1 ), where δ is a small
parameter determining the rate of change of the thickness. The nominal
thickness is 2h0 . The problem considered in this chapter is the following:
The two lowest Rayleigh-Lamb modes are excited in the uniform region of
the layer shown in Figure 3.1, and are incident to the nonuniform region, at
the right. What then is the eﬀect of the variable change in thickness on the
propagation of these two modes?
Rayleigh-Lamb modes are described in several books: Achenbach (1973,
pp. 220–236), Auld (1990a, pp. 76–94), Brekhovskikh and Goncharov (1985,
pp. 75–86), and Miklowitz (1978, pp. 178–209). They are in-plane elastic waves that are guided in a uniform, two-dimensional waveguide with
traction-free surfaces. The equations describing two-dimensional, in-plane,
elastic waves are obtained from (A.1) – (A.3) by setting u3 and all derivatives
∂3 to zero; that is, the only particle displacement occurs in the (x1 , x2 )-plane
and the independent spatial variables are (x1 , x2 ).
Figure 3.2 shows a sketch of the dispersion relations for the two lowest
Rayleigh-Lamb modes in a layer of uniform thickness 2h0 . Note that at large
h0 the wavespeeds of both these modes approximate that of the Rayleigh
wavespeed, the line labeled cR ; in §3.2 it is shown that, these two modes
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cL

cT

h0

cR

e

bh0
Figure 3.2: A sketch of the dispersion relation for the two lowest RayleighLamb modes. Recall that h0 = ωH0 /cT . Solid curve: antisymmetric mode,
eigenvalue βa = βR + a . Short-dash, long-dash curve: symmetric mode,
eigenvalue βs = βR − s . a + s = 2 measures the horizontal distance
1, as indicated
between the two curves. At large h0 , a = s = , where 
in the ﬁgure. cL , cT and cR are the compressional, shear and Rayleigh
wavespeeds; the long-dashed lines indicate the slopes cL /cT , 1, and cR /cT .
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combine to form a modulated Rayleigh surface-wave. At large h0 all the
remaining modes approach the line labeled cT . If the uniform region of the
layer, in Figure 3.1, is thicker than that at the right, then h0 is imagined to
be in the range where the two lowest Rayleigh-Lamb modes approximate a
Rayleigh surface-wave on the upper surface. If the uniform region is thinner,
then it is imagined that the region on the right grows to a thickness such
that the two lowest modes gradually coalesce to form a Rayleigh surfacewave on the upper surface (this case is not shown in Figure 3.1). Therefore
the problem being studied is asking either how a Rayleigh surface-wave is
split into the two lowest Rayleigh-Lamb modes, or how these two modes
couple to form a Rayleigh surface-wave.
It is important to note that the two lowest Rayleigh-Lamb modes have
diﬀerent symmetries and are governed by diﬀerent dispersion relations (see
§3.2). The coupling is therefore not that of two modes which are themselves
coalescing; that is, the wavenumbers coalesce, but the particle displacements, as functions of x2 , remain distinct. This should be contrasted with
the case where the modes themselves coalesce as their wavenumbers do.
Such modes are said to become degenerate (Budden and Eve 1975). This
latter case causes critical coupling and has been studied by Budden (1975).

3.1.2

Background

A variation of this problem was studied previously, by Folguera and Harris
(1999), by calculating a WKBJ approximation to each lowest mode separately and then adding the two expressions to calculate the composite disturbance. However, the higher-order terms in this approximation contained
a term that depended inversely on the diﬀerence between the wavenumber of
the lowest mode being considered and that of the other lowest mode. A difﬁculty then arises because these higher-order terms can become very large
as the wavenumbers both approach the Rayleigh wavenumber, and hence
one another, at high frequencies. At the time, the diﬃculty was noted, but
no solution given. The present description, using coupled modes, resolves
this.
The basic idea underlying the coupled, local mode approximation is the
following: The waveﬁelds at any cross-section, such as A–A in Figure 3.1,
are expanded in those modes that would propagate in a guide having parallel faces and the thicknesses of section A–A. This is what is meant by
the adjective local. Subsequently, by using the orthogonality relation for
the eigenmodes, a system of evolution equations in x1 for the coeﬃcients
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multiplying each eigenmode is derived. This technique has been used to
study sound (Brekhovskikh and Godin 1999, pp. 244–282, 429–446) and
electromagnetic propagation (Shevchenko 1971) in inhomogeneous waveguides. And, by Kennett (1984), as prelude to using invariant embedding
to calculate global transmission and reﬂection coeﬃcients from a section of
inhomogeneity in an otherwise uniform waveguide.
The WKBJ approximation has itself been extensively studied. The
monographs Jeﬀreys (1962) and Heading (1962), and the review article Berry
and Mount (1972) discuss such approximations for second-order diﬀerential
equations with an emphasis on the impact of turning points of various kinds
on the approximate solutions. WKBJ solutions to systems of equations are
explained by Wasow (1987) and Fedoryuk (1993); application of these matrix WKBJ methods to waves in elastic shells is described by Steele (1976).

3.1.3

Notation

The wavenumber kT = ω/cT and is used, initially, to scale lengths; ω is the
angular frequency and cT is the shear wavespeed. The Rayleigh wavespeed
cR is approximately 0.9cT , so that at high frequencies the shear-wave wavelength approximates the Rayleigh-wave wavelength. Upper case letters represent the unscaled lengths and lower case letters the scaled ones, unless
otherwise indicated. The coordinates are xα = kT Xα ; the particle displacement components are uα = kT Uα ; the nominal thickness of the guide is
2h0 = 2kT H0 .
The shear coeﬃcient µ is used to scale the stress components: τ1 =
τ11 /µ, τ2 = τ12 /µ and τ3 = τ22 /µ, where the ταβ are the unscaled components. The subscripts α, β = 1, 2. Note: This is the only place in this
chapter where two subscripts are needed; elsewhere, τp α indicates the pth
mode, the α component.
It is useful to introduce combinations of elastic parameters that will arise
frequently. These are:
a = λ/(λ + 2µ),

b = µ/(λ + 2µ),

c = 4(a + b).

(3.1)

Also of use is the relation
τ3 = aτ1 + c ∂2 u2 .
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(3.2)

3.2

Rayleigh-Lamb modes

The two lowest Rayleigh-Lamb modes are given by the following expressions,
which are taken from Brekhovskikh and Goncharov (1985, pp. 75–86). These
are local modes in the sense described previously, so that some of their
parameters change with δx1 to accommodate the change in thickness. The
lowest antisymmetric mode ua is given as
⎡

⎤

⎡

sinh(γL x̄2 ) γL γT sinh(γT x̄2 )
−
pβa cosh(γT h̄0 )
cosh(γL h̄0 )

⎢
⎢
⎢
⎥
⎦ = Ca ⎢

⎢
⎣ −iγL cosh(γL x̄2 )
ua 2 (δx1 , x2 )

ua 1 (δx1 , x2 )

⎢
⎣

βa

cosh(γL h̄0 )

−

⎤

⎥
⎥
⎥
⎥,
⎥
βa cosh(γT x̄2 ) ⎦

(3.3)

p cosh(γT h̄0 )

while the lowest symmetric mode us is given as
⎡

⎤

⎡

cosh(γL x̄2 ) γL γT cosh(γT x̄2 )
−
pβs sinh(γT h̄0 )
sinh(γL h̄0 )

⎢
⎢
⎥
⎢
⎦ = Cs ⎢

⎢
⎣ −iγL sinh(γL x̄2 )
us 2 (δx1 , x2 )

us 1 (δx1 , x2 )

⎢
⎣

βs

sinh(γL h̄0 )

−

⎤

⎥
⎥
⎥
⎥.
⎥
βs sinh(γT x̄2 ⎦

(3.4)

p sinh(γT h̄0 )

In (3.3) βa is substituted wherever needed; in (3.4) βs is substituted wherever
needed. Ca and Cs are arbitrary constants.
The equations whose solutions give the dispersion relation for each mode
are
γL γT tanh(γT,L h̄0 ) = p2 tanh(γL,T h̄0 ),
(3.5)
where the ﬁrst subscript gives the antisymmetric relation and the second
the symmetric one. The radicals γL and γT are deﬁned as
γL = (κ2 β 2 − 1)1/2 /κ,

γT = (β 2 − 1)1/2 ,

κ = cL /cT = a−1/2 ,

where cL is the compressional wavespeed. As Figure 3.2 suggests, γL,T are
real and positive. The term p is deﬁned as
p = (β 2 − 1/2)/β.
The coordinate x̄2 and half-thickness h̄0 are given by
x̄2 (δx1 ) = x2 − [hu (δx1 )/2],

h̄0 (δx1 ) = [2h0 − hu (δx1 )]/2.

These transformations move the local coordinate system so that, at A–A in
Figure 3.1, x̄2 = 0 at the local centerline, and 2h̄0 is the local thickness.
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Note: This is where the δx1 dependence enters. It enters not only explicitly through these expressions, but also implicitly through the βa, s ; these
solutions to the antisymmetric and symmetric dispersion equations, (3.5),
depend on h̄0 .
It is useful to express βa, s as
βa = βR + a ,

βs = βR − s ,

a + s = 2

(3.6)

where βR is the wavenumber of a Rayleigh surface wave, and 2 = (βa − βs ).
In general,  is not small and must be found from a knowledge of βa, s .
However, as Figure 3.2 suggests, as h̄0 (or more simply h0 ) becomes large,
a → s → , and  is given by


(δx1 ) = 2p2 e−2γL h̄0 − e−2γT h̄0

  df −1
R

dβ

.

(3.7)

This approximation is taken from Brekhovskikh and Goncharov (1985, pp. 79–
81). βR is used wherever β is needed. The approximation (3.7) is accurate
provided γT h̄0 > 1, or, more approximately stated, provided h̄0
1. The
Rayleigh function, given as
fR (β) = p2 − γL γT ,
has roots ±βR . The Rayleigh wavenumber βR is approximated (Auld 1990a,
p. 92) by
cR
(0.87 + 1.14ν)
βR = ω/cR ,
=
,
cT
1+ν
where ν = λ/ [2(λ + µ)].
For a uniform guide, a and s are constant, x̄2 = x2 and h̄0 = h0 .
Therefore, the sum of these two modes gives the net particle displacement


U = eiβR x1 C ei

a x1

ua + e−i

s x1



us ,

(3.8)

where Ca = Cs = C. At large h0 , it is very diﬃcult to excite just one mode
because a, s ≈ 
1. Hence, even for a uniform guide, both modes would be
excited. Once excited, however, both modes propagate independently. Equation (3.8) becomes a wave propagating at the Rayleigh wavespeed, but with
a modulated amplitude. Approximating (3.3) and (3.4) for large h0 would
indicate that (3.8) has most of its amplitude near the upper surface and decays towards x2 = 0; its amplitude near the lower surface is negligible. It is
eﬀectively a Rayleigh wave. When the term Rayleigh surface-wave was used
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in §3.1.1, this was the wave being referred to. If the propagation path is long
enough the two terms will move out of phase so that the Rayleigh wave will
shift from the upper surface to the lower one, (Auld 1990a, pp. 93,94) and
(Brekhovskikh and Goncharov 1985, pp. 79–81). Experimental conﬁrmation
of this shifting is described by Ti, O’Brien, and Harris (1997).

3.3

Coupled, local mode approximation

The general theory of coupled, local modes, in a form that diﬀers from that
which follows, is described by Maupin (1988), and, in particular, her idea of
using an equivalent body force to take account of the sloping boundary is
used here. The diﬃculty with capturing the eﬀect of a sloping boundary in
coupled-mode calculations was previously noted by Rutherford and Hawker
(1981) in the context of underwater acoustics.

3.3.1

A framework for elastic waveguide problems

The equations of motion will be written in a form that is not found in the
books cited in §1.1.1, though it is used by Harris and Block (2005), Kirrmann
(1995), and Maupin (1988). This manner of writing the equations of motion
was also used for antiplane shear problems by Malischewsky (1987, pp. 54–
69). The purpose of ﬁnding an alternative way of writing the equations
of motion, (A.1)–(A.3), is to eliminate second-order derivatives of the form
∂1 ∂2 so that, when the pth eigenmode is sought, the eigenvalue βp will appear
in an isolated way.
The vector
U := [u1 , u2 , τ1 , τ2 ]T
is introduced, where, the superscript T indicates the transpose. The equations of motion are then written as
(L − ∂1 ) U = F,
where

⎡

(3.9)
⎤

0
−a ∂2
b
0
⎢−∂
0
0
1 ⎥
⎢
⎥
L := ⎢ 2
⎥.
⎣ −1
0
0
−∂2 ⎦
0
−c ∂22 − 1 −a ∂2
0
F is a vector containing body forces and is described by
F = [0, 0, f1 , f2 ]T ,
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(3.10)

where the fα = Fα /(kT µ). The Fα are the unscaled body-force components
per unit mass. The constants a, b and c are given by (3.1). This system
of equations is derived by using both the equation of motion (A.1) and the
constitutive relation (A.2), and subsequently using (3.2) to eliminate τ3 from
the equations.
An inner product is deﬁned as
V, U := −i

 h0



−h0 +hu (δx1 )



vβ∗ τβ − σα∗ uα dx2 ,

(3.11)

where
V = [v1 , v2 , σ1 , σ2 ]T ,

U = [u1 , u2 , τ1 , τ2 ]T .

Using this inner product, the following integration by parts relation is calculated:
0
LV, U + V, LU = i [(v1∗ τ2 − σ2∗ u1 ) + (v2∗ τ3 − σ3∗ u2 )] |h−h
. (3.12)
0 +hu (δx1 )

τ3 is given by (3.2) and σ3 is deﬁned similarly.
For the moment, imagine that the guide is uniform with a thickness 2h̄0 .
Consider a wave of the form
U = up (x2 )eiβp x1 .
Substituting this into (3.9), with F set to zero, gives the following eigenvalue
problem:
Lup = iβp up ,
(3.13)
τp 2 = τp 3 = 0, at x2 = −h0 + hu (δx1 ), x2 = h0 ,
where the x1 is ﬁxed. up is the eigenmode and βp the eigenvalue.
The eigenmodes of (3.13) are numbered as follows: They occur in pairs
and are labelled so that one member of each pair carries energy or decays exponentially in the +x1 direction, while the other member does so in the −x1
direction. Subscripts p are integers and take plus and minus values, but not
0; a plus value is taken for propagation in the +x1 direction and a minus
is taken for propagation in the −x1 direction. Thus β−p = −βp . Equations (3.3) and (3.4) are two eigenmodes that satisfy (3.13). However, they
have diﬀerent symmetries; β1 = βa satisﬁes the antisymmetric dispersion
equation, while β2 = βs the symmetric dispersion equation; both dispersion
equations are given by (3.5). In the development of this section subscripts
1, 2, . . . will be used to identify the eigenvalues βp with no indication of the
symmetry.
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Consider next two eigenmodes up and uq . Substituting them into (3.12)
gives
−i(βq∗ − βp )Pqp = 0, Pqp := uq , up .
(3.14)
This is the orthogonality condition. Note that the eigenvalues can be complex, though in practise the two eigenvalues of interest βa,s are always real.
A more precise description of the previous expressions is to state that the
eigenmodes form a biorthogonal system, that −L, with the same boundary
conditions as indicted in (3.13), is the adjoint operator, and that (3.14) is
an expression of biorthogonality. It is assumed throughout this chapter that
the up (x2 ) form a complete set, and thus a vector U(x2 ) can be uniquely
expressed as

U(x2 ) =
cn un (x2 ).
n

These issues are discussed further by Kirrmann (1995) and Besserer and
Malischewsky (2004). And a general discussion of biorthogonal expansions
is given by Herrara and Spence (1981).
By taking the complex conjugate of (3.13), and giving close attention to
the mode labeling previously noted, it can be shown that
if βq∗ = βp , then u∗q = u−p .
Moreover, by asking that the modes of (3.13) be symmetric upon reﬂection
in x1 = constant, it can be shown that, if βq∗ = βp , then
u∗q 1 = −up 1 , u∗q 2 = up 2 , τq∗1 = τp 1 , τq∗2 = −τp 2 , τq∗3 = τp 3 .

(3.15)

The modes are normalized so that the conditions of (3.15) are satisﬁed. By
setting Ca = Cs = i the eigenmodes ua and us , (3.3) and (3.4) respectively,
are normalized so that these conditions are satisﬁed.

3.3.2

The sloping boundary

As indicated previously, the presence of a sloping boundary causes some
diﬃculties when formulating the coupled, local mode approximation. Figure
3.2 shows the traction t, where t = n̂ · τ , acting on the surface x2 = −h0 +
hu (δx1 ). The components of the traction are
t 1 = τ1 n 1 + τ 2 n 2 ,

t2 = τ2 n1 + τ3 n2 ,

where n̂ = n1 ê1 + n2 ê2 . The eigenmodes used in the coupled-mode approximation are such that τ2, 3 = 0 at both surfaces. However, the exact
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t
n̂

t2
t1
x2= -h0+hu(d x1)

x

1

x2
Figure 3.3: The ﬁgure shows the traction t acting on the surface x2 =
−h0 + hu (δx1 ). The component t1 is discontinuous when local eigenmodes
are used to represent it.
boundary conditions ask that t = 0 at the upper, perturbed surface. The
coupled-mode eigenmodes do not satisfy this condition because τ1 is ﬁnite
at x2 = −h0 + hu (δx1 ). Thus, when the local eigenmodes are used, a jump
in t1 across the sloping surface is introduced. The ﬁnite jump in traction is
equivalent to a body force (Hudson 1980, pp. 106–109).
The perturbing function hu is assumed to be such that
dhu /dx1 = δf (δx1 ),

|f (δx1 )| = O(1),

where δ
1, so that n1 = δf + O(δ 3 ) and n2 = −1 + O(δ 2 ).
The discontinuity in t1 is equivalent to a body force −F. Therefore, to
remove this eﬀect and thereby enforce the true boundary condition, a body
force
F(δx1 ) = −τ1 δf (δx1 ) δ[x2 + h0 − hu (δx1 )] ê1 + O(δ 3 ),

(3.16)

is introduced into the problem. The Dirac delta function δ(x) locates the
sloping boundary, and should not be confused with the parameter δ.

3.3.3

Coupled, local modes

The horizontal or lateral variations in the thickness, and therefore the eigenvalues βp and eigenmodes up depend on the combination δx1 ; accordingly,
the slow variable y1 = δx1 is introduced everywhere as the independent
horizontal variable. A solution to (3.9) is sought subject to the boundary
conditions that the traction acting on the surfaces x2 = −h0 + hu (y1 ) and
x2 = h0 vanish. The boundary condition at x2 = −h0 + hu (y1 ) will be relaxed when determining the local eigenmodes, but enforced on the problem
as a whole by introducing the equivalent body force F, given by (3.16).
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A solution is sought in the form
U=







cr (y1 )eiφr (y1 ) ur (y1 , x2 ) ,

(3.17)

−∞<r<∞

where

1
φr (y1 ) =
δ

 y1
0

βr (y1 )dy1 ,

(3.18)

and c0 ≡ 0. The βr and ur (y1 , x2 ) are the eigenvalue and eigenmode of
(3.13) at ﬁxed y1 . Recall that a y1 -dependence enters the eigenmodes and
eigenvalues through x̄2 and h̄0 ,.
The sum (3.17) is substituted into (3.9), after which the inner product,
(3.14), is taken with uq , where uq is orthogonal to ur ∀ r = p. From (3.14),
if βq∗ = βp , Pqp = 0. This gives the coupled-mode equations


dcp
(y1 ) = −[Pqp (y1 )]−1
cr (y1 )ei[φr (y1 )−φp (y1 )] Kqr (y1 ) + O(δ 3 ). (3.19)
dy1
r

Recall, from the discussion of symmetries, that up = u∗−q when βq∗ = βp , so
that a term with a q subscript can be replaced by one with a p subscript.
The interactions among the eigenmodes are represented by the coupling
coeﬃcients Kqr ; these are given as
Kqr (y1 ) = uq , ∂1 ur  + if (y1 )(u∗q1 τr1 )−h0 +hu (y1 ) ,

(3.20)

where ∂1 = ∂/∂y1 . The last term in (3.20) comes from the body force term
given by (3.16). Using the symmetries given by (3.15), it can be shown that
∗
, βq∗ = βr .
Kqr = −Krq

(3.21)

Without the body force contribution this symmetry would not be present.
It can also be shown that
2Kqr = ∂1 Pqr , βq∗ = βr .

(3.22)

To calculate the coupling coeﬃcients it is ﬁrst noted that
uq , ∂1 (Lur ) = uq , L (∂1 ur ) = iβr uq , ∂1 ur 
because the parameters in the operator L are constant and Pqr = 0. Using
(3.12) gives
−i(βq∗ − βr )uq , ∂1 ur  = −i(u∗q 1 ∂1 τr 2 + u∗q 2 ∂1 τr 3 )−h0 +hu (y1 ) .
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To simplify this expression further the ∂1 derivatives need to be eliminated.
The stress components τ2 , τ3 are continuous, and 0, along the curve x2 =
−h0 + hu (y1 ); therefore their derivatives tangent to the boundary curve are
also continuous. For these terms
∂1 = −f (y1 ) ∂2 ,
where ∂1 = ∂/∂y1 , but ∂1 = ∂/∂x2 . Using these facts and after a lengthy
reduction process, the coupling coeﬃcients Kqr , for βq∗ = βr , are calculated
to be
Kqr (y1 ) =

f (y1 )
− βr (y1 )

βq∗ (y1 )


× (u∗q1 ur1 + u∗q2 ur2 ) − c u∗q1 ur1 βq∗ βr


−h0 +hu (y1 )

.

(3.23)

The coupled-mode equations can be put into another more compact form.
From this point forward it will be assumed that the only eigenvalues of
interest are real. These are the eigenvalues that correspond to propagating
waves and are thus the ones of most interest. Deﬁne
1/2
,
qp := cp Ppp

and
Qpr :=

Kpr (βp − βr )
1/2

1/2

.

f Ppp Prr

1/2

All that is being done is to renormalize each local mode up with Ppp . Note
that Ppp depends on y1 , see (3.14) and (3.11). The coupled mode equations
(3.19) now take the form

Qpr (y1 )
dqp
= f (y1 )
(δrp − 1)qr (y1 )ei[φr (y1 )−φp (y1 )]
. (3.24)
dy1
βp (y1 ) − βr (y1 )
{r | β real}
r

Recall that q0 ≡ 0. The term δrp is the Kronecker delta. Overall this result is very satisfying because its form makes transparent the nature of the
oﬀ-diagonal coupling: The perturbation f causes the coupling, the diﬀerence βp − βr suggests which modes are engaged most strongly, and the Qpr
measure the strength of the coupling.
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3.4

Coupling of the two lowest Rayleigh-Lamb modes

Recall the problem with which the chapter began: The two lowest RayleighLamb modes are excited in the uniform region of the layer in Figure 3.1,
and are incident on the nonuniform region, to the right. What is the eﬀect
of the variable change in thickness on the propagation?
Harris and Block (2005) have examined (3.24) in detail. The outcome is
that for the initial conditions
q1, 2 (0) = 0,

qp (0) = 0 ∀ p = 1, 2 ,

(3.25)

provided |βp − βq | = O(δ) the propagation is adiabatic in the sense that
q1, 2 (y1 ) = q1, 2 (0) + O(δ),

qp (y1 ) = O(δ) ∀ p = 1, 2 ,

(3.26)

because the coupling coeﬃcient
f (y1 )Qpr (y1 )
.
βp (y1 ) − βr (y1 )
varies slowly. This is the assumption made by Folguera and Harris (1999).
However, it breaks down when  is of the same order as δ. From (3.7) and
Figure 3.2 this happens when h̄0 is large.

3.4.1

A matrix WKBJ approximation

Therefore the coupled-mode equations (3.24) can be truncated to only two
equations, namely those for the two eigenmodes ua , (3.3), and us , (3.4).
Note that the subscript 1 is now being replaced by a for the lowest antisymmetric mode and 2 by s for lowest symmetric one. Therefore the sum (3.17)
is approximated as
U≈


r=a,s





ur (y1 , x2 )
qr (y1 )eiφr (y1 ) 1/2
,
Prr (y1 )

(3.27)

where φa,s is given by (3.18) using βa,s . This equation is also a modiﬁcation
of (3.8) to the case of a laterally inhomogeneous guide, with qa, s to be
determined. It remains to truncate (3.24) to calculate them.
Writing
q(y1 ) := [qa (y1 ), qs (y1 )]T ,
the coupled-mode equations become
−i δ

dq
= B(y1 ) · q ,
dy1
46

(3.28)

where

⎡

δ Q(y1 ) −i 2δ  y1
a
e
2(y1 )

0

⎢
⎢
⎢
B(y1 ) = i f (y1 ) ⎢
⎢
⎣

−

δ Q(y1 ) i 2δ  y1
e a
2(y1 )

(y1 ) dy1

0

(y1 ) dy1

⎤
⎥
⎥
⎥
⎥.
⎥
⎦

(3.29)
For the moment it is assumed that δ/ = O(1). The case where δ/
1 can
be recovered from the asymptotic approximation to (3.29). However, the
limit  → 0 cannot easily be recovered from this approximation; therefore,
it is assumed that  = 0. Note that this matrix equation has the general
form that invites a WKBJ approximation applied to the two modes together,
rather than to each singly. As well, using the symmetries indicated by (3.15),
note that Qas = Qsa = Q. The matrix B is Hermitian and thus has two
linearly independent eignvectors.
The initial condition is given by (3.25). Following Fedoryuk (1993,
pp. 42–45, 64–65), a WKBJ solution to (3.28) of the form
q = eiΘ/δ





δ n A1n , A2n e−i δ

2

 y1

dy1

0

T

n≥0

is sought. Setting
dΘ
= λ,
dy1
the ﬁrst term leads to the eigenvalue problem:
⎡
⎢
⎢
⎢
⎣

0

−i

δ
fQ
2

i

⎤⎡
⎤
δ
f Q⎥ ⎢A01 ⎥
2
⎥⎢
⎥

−2

⎡

A01

⎢
⎢
⎥ = λ⎢
⎦
⎣

⎥⎢
⎦⎣

A02

⎤
⎥
⎥
⎥.
⎦

A02

The eigenvalues λ± are


δ2
λ± = − ± 2 + 2 f 2 Q2
4
and the two orthogonal eigenvectors are



[A01 , A02 ]± = C ± (y1 ) i
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1/2

,



δ
f Q, λ± .
2

(3.30)

Lastly
±

Θ =−

 y1
0

 dy1

±

 y1 

δ2
 + 2 f 2 Q2
4

0

1/2

dy1 .

2

The C ± are found by looking at the equations governing the next order;
namely
⎡
⎢
⎢
⎢
⎣

⎡

⎤⎡
⎤
δ
i f Q ⎥ ⎢A11 ⎥
2
⎥⎢
⎥

−λ

⎥=⎢
⎢
⎣

⎥⎢

⎤

dA01
⎢−i dy1 ⎥
⎢
⎥

⎦⎣
⎦
δ
−i f Q −(λ + 2) A12
2

⎥.
⎥

A02 ⎦
−i
dy1

For λ± , the right-hand side must be orthogonal to A±
0 . This gives ﬁrst order
diﬀerential equations for the C ± that are readily solved.
The outcome is:
q(y1 ) = 

C + (0)
(λ+ )2 +

+

δ2
4 2

f 2 Q2

1/2

C − (0)
(λ− )2 +

δ2
4 2

+

E e

i
δ

 y1 
0

i
− −δ

f 2 Q2

2 + δ2
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 y1 
0

1/2 E e

f 2 Q2

2 + δ2
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1/2

f 2 Q2

dy1

1/2

+ O(δ) .

dy1

(3.31)

The vectors E± are given by
⎡

−(i/δ)
δ
⎢i 2 f Q e

E± = ⎢
⎣

λ±

(i/δ)

e

 y1

 y1
0

0

dy1

dy1

⎤
⎥
⎥.
⎦

(3.32)

The λ± are given by (3.30), and the Q are calculated from (3.23). The terms
λ± , Q, f , and  are all functions of y1 .
To impose the initial conditions (3.25) a decision as to the nature of f (0)
must be made. To ensure that the stress terms in the mode vector remain
continuous, the perturbed surface must blend smoothly into the uniform one;
f (0) = 0 enforces this (a weaker condition is sometimes possible). Taking a
limit as y1 → 0 gives
C + (0) = −iq1 (0),
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C − (0) = q2 (0).

(3.33)

Fedoryuk (1993, pp. 42–45, 64–65) indicates how to calculate additional
terms to (3.31). It is shown there that the second-order terms contain the
factor (λ+ − λ− )−1 .

3.4.2

Discussion of the WKBJ approximation

Equations (3.31)–(3.33) give a solution for all delta/ up to the limit that
this ratio is of order one. As δ/ grows small,
λ+ ≈

δ2 2 2
f Q ,
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λ− ≈ −2.

causing the the combination f Q to disappear from (3.31) and (3.32) and the
adiabatic approximation (3.26) to be recovered. This is the case considered
by Folguera and Harris (1999). The present calculation extends that work
to cases where δ/ = O(1). In this case both  and f Q contribute to the
phase diﬀerences between the two modes. If propagation from a thick to
a thinner section is considered, then a wave that approximates a Rayleigh
surface-wave on the upper surface progressively separates into the two lowest
Rayleigh-Lamb modes; the wave numbers of these two modes become separated by 2 = a + s as indicated by Figure 3.2. In this case  is no longer
approximated by (3.7). If propagation from a thin to a thicker section is
considered, then the wavenumbers of two lowest Rayleigh-Lamb modes coalesce; the sum of the two modes forms a modulated Rayleigh surface-wave.
The initial conditions (3.25) have been taken to be such that this Rayleigh
wave propagates on the upper perturbed surface.
However, this calculation does not allow one to take the limit h̄0 → ∞,
or equivalently,  → 0. In this case the coupling coeﬃcient Kqr , given ﬁrst
by (3.20), cannot be calculated. One must return to the original expansion
(3.17) and construct it of combinations of ua and us such that coupling
coeﬃcients, that do not become indeﬁnite, can be deﬁned. This calculation
remains to be made.

3.5

Summary

This chapter has in some sense been left incomplete. Much numerical work
needs to be done to understand completely the consequences of the many
equations given here. Nevertheless, it is remarkable that so much progress
can be made using asymptotic methods. Moreover, there are several global
ideas from this work that can be carried forward to other guided-wave problems.
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1. Equations (3.9)–(3.14) provide a framework within which to address
waveguiding problems. In particular, using the operator L, rather than
working with second-order equations for the particle displacements or
for potentials, greatly facilitates the work.
2. The coupled-mode approximation reduces the solution of propagation
in laterally inhomogeneous environments to solving an inﬁnite system
of coupled ordinary diﬀerential equations of the general form
dq/dx = A(x, δ) · q,
where δ is a small parameter. A knowledge of the behavior of the
coupling coeﬃcients sometimes allows the system to be truncated to a
very small system. Many interesting applications to wave propagation
using systems of equations of this general form remain to be explored.
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Appendix A
A miscellany

A.1

Linear elasticity

One often cited textbook describing linear elastodynamics is Achenbach
(1973), while a second useful one is Hudson (1980). In both cases the introduction to elasticity is concise but complete. The ﬁrst volume of the
textbooks by Auld (1990b) is insightful, though its approach is somewhat
unconventional, and the notation has not been widely adopted in mechanics.
For the present purposes it is enough to work with Cartesian coordinates,
using a subscript notation such that i = 1, 2, 3 or i, j = 1, 2, 3. It is assumed
that summation takes place over repeated indices. The coordinates are xi ;
a vector, when not represented as u, is represented as ui ; and a tensor,
when not represented as τ , is represented as τij . There is an underlying
orthonormal set of basis vectors êi , i = 1, 2, 3.
When working in two dimensions the roman subscripts are often replaced
by greek ones. The coordinates are xα , a vector is uα and a tensor is ταβ .
In these cases α, β = 1, 2.
The conservation of linear and angular momentum is expressed as
∂k τki + ρs fi = ρs ∂t2 ui ,

τij = τji .

(A.1)

ij = (∂i uj + ∂j ui )/2 .

(A.2)

The constitutive relation is
τij = λs ∂k uk δij + 2µij ,

Using the two previous equations, the equation of motion becomes
(λs + µ)∂i ∂k uk + µ∂j2 ui + ρs fi = ρs ∂t2 ui .
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(A.3)

This equation can be rearranged using the vector identity
∇2 A = ∇(∇ · A) − ∇ ∧ (∇ ∧ A).
By setting
u = ∇ϕ + ∇ ∧ ψ,

∇ · ψ = 0,

and
f = c2L ∇F + c2T ∇ ∧ G,
the equation of motion (A.3) can be reduced to the pair
2
∇2 ϕ + F = c−2
L ∂t ϕ,

2
∇2 ψ + G = c−2
T ∂t ψ.

(A.4)

In (A.1)–(A.4) the particle displacement is u, the stress tensor τ , the
strain tensor , and the body force per unit mass f . The material parameters are the density ρs , and the Lamè parameters λs and µ. Throughout
this monograph these parameters are constant. The longitudinal and shear
wavespeeds are
cL = [(λs + 2µ)/ρs ]1/2 ,

cT = (µ/ρs )1/2 ,

respectively. The subscript s indicates that the parameter describes a property of a solid. The symbols ∂i := ∂/∂xi , ∂t := ∂/∂t, and ∂i2 := ∂ 2 /∂x2i .
In two dimensions ∂α would be used. Equation (A.4) indicates that two
types of wave propagate in a linearly elastic solid, namely, a compressional
(ϕ) wave and a shear (ψ) wave. In the plane-wave limit these become a
longitudinal wave and a transverse wave, respectively.

A.2

Linear acoustics

Both Morse and Ingard (1968) and Pierce (1981) describe the equations
of linear acoustics, though Pierce connects them more thoroughly with the
underlying Navier-Stokes equations. Because only ideal ﬂuids are considered, that is ﬂuids having no viscosity, and only the linear equations are
needed, the acoustic equations are given here in a form that indicates their
parallelism with those of linear elasticity.
It is useful to note that the conservation of mass, in the linear approximation, is
ρf = ρf (1 − kk ), kk = ∇ · u,
the prime indicating the density after the ﬂuid is perturbed from its ambient
state. This relation is not used elsewhere in this work, but is used in most
textbooks discussing linear acoustics.
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The conservation of linear and angular momentum is again expressed by
(A.1), with ρs replaced by ρf . In addition there is the kinematic constraint
∇ ∧ u = 0.
The stress is given as
τij = −pδij ,
where the acoustic pressure
p = −λf ∇ · u.
The constitutive relation is thus expressed by (A.2) with µ set to zero and
λs replaced by λf . As should be apparent, the subscript f indicates that
the parameter describes a ﬂuid property. The equation of motion becomes
λf ∂k ∂k ui + ρf fi = ρf ∂t2 ui .

(A.5)

By setting u = ∇ϕ and f = c2 ∇F , the equation of motion can be written
as
∇2 ϕ + F = c−2 ∂t2 ϕ,
(A.6)
where c = (λf /ρf )1/2 . Note that
p = −ρf ∂t2 ϕ.

A.3

Continuity and boundary conditions

Consider a plane ﬂuid-solid interface oriented by means of a unit normal
vector n̂ pointing into the ﬂuid. Figure 1.1 indicates the geometry. The
ﬂuid is ideal so that the no-slip condition is not enforced. The traction
acting on the surface of the solid is ts = n̂ · τ . The continuity conditions at
the interface are thus expressed as
ts · n̂ = −pf ,

n̂ ∧ ts = 0,

us · n̂ = uf · n̂.

(A.7)

The only other boundary condition needed in this work is one at inﬁnity.
The waves must in general be outgoing, though when the focused beam is
discussed an incoming wave is considered. The principle of limiting absorption (Harris 2001, pp. 62,63) is used to determine this. Either by Fourier
transforming a signal or by considered a time-harmonic one, in the far-ﬁeld,
it will have the form
A(φ, θ) i(kr−ωt)
ϕ=
,
e
kr
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where (r, φ, θ) are spherical coordinates, and k = ω/c is the wavenumber,
with c being the wavespeed. The angular frequency is deﬁned such that ω =
ω0 + i, ω0 > 0,  ≥ 0. The wavenumber then becomes k = (ω0 /c) + i(/c).
Therefore
|ϕ| ∼ e− r/c e t , r → ∞,
and t is ﬁxed; that is, the wave vanishes provided the combination i(kr − ωt)
appears in some guise. The parameter  can be sent to zero at the end of
the calculations.

A.4

Piezoelectric coupling and an electromechanical reciprocity relation

Transducers operating at microwave frequencies frequently use piezoelectric
coupling to convert electrical to mechanical signals and vice versa. While
the equations of piezoelectricity are not explicitly used in this work, an
electromechanical reciprocity identity, that assumes the coupling is piezoelectric, is used, and its use is central to the writer’s arguments. Hence to
sketch its derivation a summary of the equations of linear piezoelectricity
is needed. A description of piezoelectricity can be found in Auld (1990b,
pp. 265–298). The electromechanical reciprocity identity itself is also derived in Auld (1990a, pp. 153,154), and is further discussed in Achenbach
(2003, pp. 233–246).
Maxwell’s equations
eijk ∂j Ek + ∂t Bi = 0,

eijk ∂j Hk − ∂t Di = Ji ,

are coupled with (A.1) through the constitutive relations
Di = κij Ej + ρijk jk ,
τij = −ρijk Ek + cijkl kl .
The permutation symbol eijk is deﬁned as
⎧
⎪
⎪+1
⎨

eijk =

−1

⎪
⎪
⎩0

if (i, j, k) are all unequal and in cyclic order
if (i, j, k) are all unequal and not in cyclic order
if any two of (i, j, k) are equal.

In addition Bi = νHi . The terms E, B, H and D are the electric intensity,
the magnetic induction, the magnetic intensity, and electric displacement.
The vector J is an imposed current; the materials themselves are assumed
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to be nonconducting. Piezoelectric materials must be anisotropic; thus, the
various coupling parameters are tensors of the order indicated by their subscripts. κij are the dielectric coeﬃcients, ρijk the piezoelectric coeﬃcients,
and cijkl the elastic coeﬃcients. ν is the magnetic permeability. All the
coeﬃcients are assumed to be constant.
Using thermodynamics and the symmetry of τ , it can be shown that
cijkl = cklij , cijkl = cjikl ,
ρikl = ρkli , ρijk = ρjik ,
κij = κji .
Other symmetries can be derived from these.
Let (E1 , H1 , τ 1 , u1 ) and (E2 , H2 , τ 2 , u2 ) be two electromechanical states
that satisfy the previously listed equations. Moreover, assume that ∂t →
−iω. In essence, the equations satisﬁed by state 1 are multiplied by the
variables of state 2, and the equations satisﬁed by state 2 are multiplied
by the variables of state 1; the equations are then added or subtracted to
remove common terms; and then combined in a way that gives a divergence
on one side and forcing terms on the other. The only point to note is that it
is the particle velocity −iωu, rather than the particle displacement, that is
needed. The result of these operations is the following reciprocity identity:




∂i −iω(u1j τij2 − u2j τij1 ) + eijk (Ej1 Hk2 − Ej2 Hk1 )

= −iωρs (u2j fj1 − u1j fj2 ) + (Ej2 Jj1 − Ej1 Jj2 ). (A.8)

A.5

Notes on Hankel functions

The following facts are taken from Magnus, Oberhettinger, and Soni (1966);
the section numbers refer to this handbook.
(1)

1. From §3.1.2: The principal branch for the Hankel functions H0 (z)
(2)
and H0 (z) is deﬁned by arg(z) ∈ (−π, π). The connections among
the branches are
(1)

(2)

H0 (zeiπ ) = −H0 (z),

H0 (ze−iπ ) = −H0 (z).
(2)

(1)

Hankel functions are used in several places; however, their branch cuts
are not always explicitly shown in the diagrams of the complex plane.
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2. From §3.6.4: Sommerfeld’s integral representations for the Hankel
functions are:

1
(1)
H0 (z) =
eiz cos µ dµ,
π C1
and
(2)

H0 (z) =

1
π


C2

e−iz cos µ dµ.

The contour C1 starts at −π/2 + i∞ and ends at π/2 − i∞; the contour
C2 starts at −π/2 − i∞ and ends at π/2 + i∞; and (z) > 0. These
two integral representations can be combined to show that
1
2π

J0 (z) =

 2π

eiz cos µ dµ,

0

a result that can be arrived at in several other ways.
3. From §3.14.1: Asymptotic expansions for the Hankel functions are
(1),(2)

H0

(z) ∼ (πz/2)−1/2 e±i(z−π/4) , |z| → ∞,

(A.9)

where, for the (1) function arg z ∈ (−π, 2π), and for the (2) function
arg z ∈ (−2π, π).
One additional fact is of use. There is a Parseval’s relation between functions and their Hankel transforms (Sneddon 1951, pp. 59,60). The Hankel
transform pair are given as
∗f (u)

 ∞

=


0
∞

f (x) =
0

yf (y)J0 (uy)dy,
u ∗f (y)J0 (xu)du;

and the Parseval’s relation is
 ∞

 ∞

xf (x)g(x)dx =
0

0
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u ∗f (u) ∗g(u)du.

(A.10)
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4
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38
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4
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